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We show that the polar degrees of the coordinate-wise inverse of a linear
subspace L C P" are given by the coefficients of a substitution of the re-
duced characteristic polynomial of the associated matroid M(L). Our proof
connects the geometry of conormal varieties of reciprocal linear spaces to
the combinatorial conormal fan of M(L). As a corollary, we settle two open
conjectures regarding matroid discriminants.
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1 Introduction

Let L C P" be a linear subspace of dimension d not contained in any coordinate
hyperplane and consider the rational Cremona map

P" --» P, (o - ran] = [agt ot



The closure of the image of L under this map is denoted L~! and is called the reciprocal
linear space associated to L. This a projective variety whose geometric properties are
closely related to the realisable matroid M represented by L. Reciprocal linear spaces have
been widely studied both from the viewpoint of likelihood geometry in algebraic statistics
and scattering equations | ; ; ; | and from the viewpoint of
matroid theory | ; ; ; ]. In this article we study L~' through
the lens of projective duality. The central object in our work is the conormal variety
Con(L™1) C P x (P")* whose general points are pairs (p, H) where p € L™! is a smooth
point and H € (P")* is a hyperplanes tangent to L™! at p. The projectively dual variety
(L7 of L™ is the image of Con(L™') under the projection to the second factor (P")*.

Our initial motivation for studying these varieties stems from a collection of recent
conjectures by Matsubara-Heo and Telen in their work on principal matroid determinants
[ |. They introduce an analogue of the theory of principal A-determinants for toric
varieties by Gelfand, Kapranov and Zelevinsky | ] to the setting of reciprocal linear
spaces, thereby defining the principal matroid determinant F;. The key idea is that the
stratification of toric varieties into orbits is replaced by the stratification of reciprocal
linear spaces into strata corresponding to flats of the corresponding matroid M = M(L).
The main theorem | , Theorem 1.2] shows how the principal matroid determinant
decomposes into a union of dual varieties of reciprocal linear spaces of minors of M. The
following three conjectures about these factors and their multiplicities in £, were left
open.

Conjecture 1.1 (] , Conjecture 7.2]). The reciprocal linear space L~ is dual
defective, i.e. dim (L™1)Y < n — 1, if and only if the matroid M is not connected.

Conjecture 1.2 (] , Conjecture 7.3]). If the matroid M is connected, then
(L~1)Y is a hypersurface of degree 2¢3(M), where 3(M) is the beta invariant of M.

Conjecture 1.3 (] , Conjecture 7.1]). For each flat F' of M, such that (L|z')Y is
a hypersurface, the defining polynomial of that hypersurface appears in the factorization
of B, with exponent equal to the local multiplicity of L=2 along the stratum indexed by
F. Here L=? denotes the image of L=! under the coordinate-wise squaring map.

In this article we shall prove and strengthen the first two conjectures by describing the
class of Con(L™!) in the Chow ring of P™ x (P")*, in other words, the sequence of polar
degrees of L='. Indeed, the dual degree is the last nonzero polar degree and we can read
off dual defectiveness from the number of nonzero polar degrees. This motivates our first
main theorem, which provides a combinatorial formula for these polar degrees.

To state it, let x,,(t) € Z[t] denote the reduced characteristic polynomial of the
matroid M. We also write p;(L™1) for the i-th polar degree of L™!, where the indexing
is chosen such that uo(L™!) = deg L™!. Using this notation we show the following.

Theorem A. Let L. C P" be a linear subspace of dimension 0 < d < n that is not
contained in any coordinate hyperplane. Then

2t +1
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Equivalently, setting 6;(L™") == pq_;(L™") we obtain

zdzéz-(L_l)ti:(—t—Q)dXM( 2 )

i=0 t+2
Corollary 1.4. Conjectures 1.1 and 1.2 hold true.

From the viewpoint of the principal matroid determinant E, this describes which
factors actually appear and what their degrees are in the factorization of Ej due to
[ , Theorem 1.2]. The remaining Conjecture 1.3 concerns the multiplicities of these
factors within F;, and hence would finish the complete description of the factorization of
E;,. The resolution of Conjecture 1.3 is the topic of our future work | ]

Especially in recent years, expressing combinatorial invariants as geometric and trop-
ical intersection numbers turned out to be a powerful tool for resolving longstanding
conjectures in matroid theory [ : : : |. The theorem above
can be seen as another work in this line of tradition as it expresses the coefficients
of a substitution of ¥,, as intersection numbers on the conormal variety. Following
this theme, Theorem A could be used to show the log-concavity of the coefficients of
(=2t — 1)%yyy, (%) for realizable matroids. We note however that this log-concavity
follows more directly from the log-concavity of the coefficients of x,, which was proven in
the groundbreaking work of Huh and Katz for realizable matroids | | and Adiprasito,
Huh and Katz for all matroids | ].

Our proof of Theorem A uses a rational parametrization of Con(L™') described in
[ ], akin to the Horn—Kapranov uniformization. We resolve the base locus of this
map by passing from a product of projective spaces to the bipermutohedral variety. The
latter is a smooth projective toric variety whose corresponding fan hosts the conormal
fan of every matroid, introduced in [ |. We prove Theorem A in three steps that
can be summarized as follows:

1. Using tropical methods we pass from the rational parametrization of Con(L™!) to
a similar, but slightly simpler map with a different image while tracking how this
affects polar degrees (Section 3.1).

2. We show that these new degrees can be computed as intersection numbers on the
bipermutohedral variety that involve the class of the conormal fan of M. From this

we derive a first combinatorial formula which sums over all decreasing flags of flats
of M (Section 3.2).

3. Finally, we extract a recursion for the complicated combinatorial formula obtained
in the previous step to relate the polar degrees to a substitution of the reduced
characteristic polynomial X,, (Section 3.3).

The structure of this article is as follows. Section 2 serves as an introduction to the tools
that we will use in proving Theorem A. We also provide direct proofs of Conjectures 1.1
and 1.2. Especially the latter showcases our technique in a slightly simpler setting before



we apply it to the conormal variety. The detailed proof of Theorem A is then presented
in Section 3, which is subdivided further into the three parts mentioned above. We
finish the article providing several applications of Theorem A in Section 4. This section
contains examples, a discussion of Chern—Mather degrees of L™! and a generalization of
Theorem A to arbitrary negative powers of linear spaces L™, m > 1.
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2 Preliminaries and dual degree

Throughout this article, L C P" is a projective subspace of dimension 0 < d < n. We
work over an algebraically closed field K of characteristic 0 see however Example 4.3
for a comment on this assumption. We always fix projective coordinates P* = P(KE),
E =1{0,...,n} and assume that L is not contained in a coordinate subspace. Unless
otherwise specified, M is the matroid on the ground set E associated to L.

2.1 Matroids

In this section we collect the required combinatorial preliminaries. Namely, we recall how
to associate a matroid to a linear space, as well as some important properties of matroids.
This construction is what allows us to study the geometric properties of reciprocal linear
spaces from a combinatorial point of view. For a thorough introduction to matroids, we
refer to | ].

We start by recalling the definition of a matroid.

Definition 2.1. A matroid is a pair M = (E,B) where E is a finite set, called the
ground set of M, and B is a nonempty family of subsets of E, called the bases of M,
such that the basis exchange axiom holds:

VBhBQGBZ\V/@lEBl\BQZHGQGBQ\BlI(Bl\el)U{GQ}GB.

We say that a subset S C F is independent if it is contained in a basis, otherwise we
call S dependent. A circuit of M is an independent subset S which is inclusion-minimal
among all independent subsets. We further denote the rank of any subset S C E by
rkps(S) == maxpep |S N B|. For S = E we also simply write rk(M) = rky(E), which
is the cardinality of any basis of M. By cly(S) = {z € E | tky(SU {e}) =1k (95) }
we denote the closure of S in M. A subset F' C E is called a flat of M if F' = cly (F).
The groundset E is always a flat and cly, () is unique flat of rank zero. Its elements
are called loops. The beauty of matroid theory lies in the fact that most of the objects



defined in this paragraph (bases, independent sets, circuits, rank function, closure, ...)
can be used to give “cryptomorphic definitions” of matroids.

Below we also work with flags of flats, these are collections F of flats which are pairwise
comparable under inclusion F = {F; C --- C Fy}. The size of such a collection is called
the length of F and denoted by |F| := k. When working with loopless matroids we
usually assume the flats in a flag to be non-empty.

As the terminology suggests, matroids are inspired by independence of vectors in
linear algebra. We now explain how to associate a matroid M(L) to a linear subspace
L C P(KF), E == {0,...,n}. Pick a matrix A € K@+)x("+1) guch that d = dim L
and its projectivized row span is L, and label the columns of A by the elements of F.
These correspond to the n + 1 coordinate linear functions restricted to L. We declare
that a subset of F is independent if and only if the column vectors (hence the linear
forms) it indexes are linearly independent. In particular, the bases of M correspond
to non-vanishing maximal minors of A. This construction is independent of the choice
of the matrix A. Indeed, if A’ € K@+Dx"+D als0 has row span L, then there exists
B € GL44+1(K) such that A’ = BA.

Operations on vector spaces also have matroid analogues. In this paper, we will mostly
be concerned with the following operation. Let L c K" denote the affine cone over L,
and L+ := P(L*) C (P")* the orthogonal complement of L. The matroid M+t := M(L"Y)
is called the dual matroid of M. More generally, for any matroid M, its dual M* is
defined as a matroid with the same ground set as M, whose bases are the complements
of the bases of M.

Example 2.2. Let Lo C P9 be the projectivized rowspan of the matrix A given by
0O -1 1 0 0 10

0 -1 1 0 01

1 0 0 -1 -1 00

-1 1 0 0 0 00
The matroid My, = M(Le) has ground set Fo, = {0,1,2,3,4,5,6}. It has 86 in-
dependent sets, 24 bases, 38 flats (illustrated in Figure 1), and 7 circuits (namely,
{0,1,2,3},{0,1,4,5},{2,3,4,5},{0,1,2,4,6},{3,4,6},{2,5,6},{0,1,3,5,6}). &
We frequently use the (reduced) characteristic polynomial, the beta invariant and the

unsigned Modbius invariant of the matroid M. For completeness we state the definition of
these classical matroid invariants. For more details we refer to | ].

Definition 2.3. Let M be a matroid of rank d + 1 on E. The Mobius function p of M
assigns an integer to every pair of subsets ' C G C F, GG a flat, as follows: If F'is not a
flat, then pu(F,G) = 0, otherwise

1 if =@,
MEG) =35 w(F,H) if FCG.

FCHCG
The characteristic polynomial of M is the univariate polynomial x /() defined as

Xar(t) = Z M(Q’F>td+1—rkNI(F) — Z (_1)‘S‘td+l—rkM(s)‘
F flat SCE



0,1,2,3,4,5,6

N

Figure 1: Lattice of flats of M,,. Highlighted are a flag of flats (red) and a decreasing
flag of flats (blue), see Definition 3.3.

For M # (), this polynomial has a root at ¢ = 1, so we also define the reduced characteristic
polynomial

X (t)

t—1"

The (unsigned) Mobius invariant and the beta invariant of M are defined as

it (M) = (~1) (0, ) = [xar(0)] = (~1)"%3,(0) > 0
BM) = (—1)x5 (1) 2 0.

FExample 2.4. Let M = M., be the matroid defined in Example 2.2. We have

Xu(t) =

tr— 73 +19¢% — 23t + 10
t3 — 6t% + 13t — 10
2 p (M) = 10. O

=

m(t)
m(?)
B(M)

>|
Il

The Mobius invariant vanishes if and only if M has a loop, while the beta invariant
vanishes if and only if M is disconnected (or empty or a single loop). Here, a matroid is
disconnected if there exists a partition £ = F; U Ey such that M = M; ® M,, where M;
is a matroid on the ground set F; and the bases of M are unions of bases from M; and
M. Otherwise M is called connected. The set of such connected components of M is
well-defined, we denote the number of connected components of M by ¢(M).

In the case M = M(L), M is disconnected if and only if there exists a partition
E = E, U E, as above such that

L=(LNnK") & (LNK™) =L, ® L, CK”,

and in that case M(L) = M(L1) & M(Ls).

It turns out that many of the algebro-geometric properties of L=! are determined by
the matroid M = M(L). For instance deg L™! = p™(M) (see for example the discussion
in Section 4.1), and L™! is a cone over a smaller reciprocal linear space if M has a coloop.



2.2 Polar degrees and conormal varieties

We now switch gears and recall the fundamentals of projective duality, the most important
of which are the definition of conormal variety and of polar degrees. For more details
on projective duality we refer to | ; |, for background on Chow groups and
(multi)degrees see | ].

We start by defining polar classes. Let X C P™ be a projective variety of dimension
d. Denote by X, the dense open set of regular points of X. Let A C P" be a linear
subspace and consider the polar variety

Py(X) ={2 € Xyeg | dm(T, X NA) >dimA—n+d} CX.

For general (n — d + k — 2)-dimensional subspaces A, this algebraic subset is empty or
equidimensional of the expected codimension codimy Py(X) = k. Its class in the Chow
group A, (X)) is independent of the general choice of A.

Definition 2.5. The polar classes of X C P" are the classes Py(X) = [Py(X)] €
Adim x—&(X) for general [A] € G(n —d+k —2,P"), k=0,...,d. The polar degrees of X
are the degrees pp(X) = degpn Pr(X).

For example, Py(X) = [X] € Aq(X), hence po(X) = deg X. Our main result Theo-
rem A concerns the polar degrees of the variety L=!. For more background on polar
degrees and their place in projective geometry, see for example | ; ].

A useful approach to studying polar degrees of a projective variety X C P" is via its
conormal variety

Con(X) = { (2, H) € Xpeg x (P?)* | H D T,X } C P" x (P")*.

This is an irreducible biprojective variety of dimension n — 1. The dual variety X" is the

image of Con(X) under the projection pry: Con(X) — (P™)*. It is the Zariski closure in

(P™)* of the set of hyperplanes of P* that are tangent to X at a smooth point.
Consider the class of the conormal variety

[Con(X)] = 0o(X)AThy + 61 (X)RT T RE 4+ - - + 5g(X)AT RS € APTH(P™ x (P™)¥)

in the Chow ring A*(P" x (P")*) = Z[hy, hy]/(hTT, b3 where hy = [H x (P")*] and
hy = [P™ x H'|, respectively. In this notation, the bidegrees of the conormal variety
encode the polar degrees as i (X) = dg_r(X) | , Section I1.1]. In other words, puz(X)
counts the number of intersection points of Con(X) with a general pair of linear spaces of
type [Ptk x PI=*+1] From this, one can also deduce that fig_, 111 dim xv(X) = deg XV.

For later reference, we also mention the behavour of polar degrees under the following
construction: Let X C P(K?), Y C P(K®) be projective varieties with affine cones X, ¥
(here we follow the convention 0= {0}). The external join of X and Y is the projective

variety L
JX,)Y)=P(X xY)C P(K“*b).

The name comes from the fact that, under the natural inclusions X, Y — P**=1 J(X V)
can be interpreted as the union of lines connecting X and Y (assuming X,Y # (). This



construction includes linearly degenerate subvarieties (Y = () and cones over a projective
subspace (Y = P*71).
In the following we denote the “bi-affine cone” of a bi-projective variety also by (—).

Lemma 2.6. Let X C P(K?), Y C P(K®) be projective varieties. The conormal variety of
J(X,Y) admits the following description of its affine cone (up to natural identifications)

— e~

Con(J(X,Y)) = Con(X) x Con(Y) C K* @ (K*)* » K® @ (K*)*.

Furthermore, pu(J(X,Y)) = >k (X )p;(Y'). Consequently, for nonempty X,Y the
dual variety J(X,Y)Y is never a hypersurface.

Proof. The description of the conormal variety follows immediately from the observation
that T X x Y = TaX @ T;Y CK* &K,

The convolution formula for the polar degrees then follows, as the bihomogeneous
coordinate ring of Con(J(X,Y)) is the (graded) tensor product of the bihomogeneous
coordinate rings of Con(X) and Con(Y). Therefore, the bigraded Hilbert series and
hence also the multidegree of the varieties multiply.

Finally, the description of the conormal variety shows that J(X,Y)¥ = J(XV,P*~1)N
J(P*~1.Y"V) has codimension at least two. O

Ezample 2.7. If for our linear space L C P(K¥) there exist a partition £ = E; U B, with
E = (Z ﬁKEl) EB (E ﬂKE2) = 2\—11 EB ZQ,

then not only L = J(L;, Ly), but more interestingly also L™' = J(L;*, Ly'). In this
way, a disconnected matroid M corresponds to the reciprocal linear space splitting as an
external join. Lemma 2.6 allows us in principle to reduce our discussion of Theorem A
to the case of connected matroids, though most of our discussion will only rely on the
condidition that M has no coloops. &

In the case of reciprocal linear spaces, the conormal variety admits a useful birational
parametrization, similar to the Horn—Kapranov uniformization for toric varieties. Just
as in the toric situation, the parametrization of Con(L™!) has an indeterminacy locus.
We will therefore first have to resolve this locus before using this map to compute the
polar degrees of Con(L™1).

Before defining the parametrization we introduce some notation that will be used
throughout the paper. Let x = [zg: -1 x,], y = [yo : -+ & yn] € P, then zy = [zoyp :

-1 TpYy) is the Hadamard product, and =™ = [z{' : --- : 2] is the coordinate-wise

m-th powers, m € Z, whenever these are defined. Also, we will denote the Hadamard
product of varieties with %, i.e. if XY C P" are two embedded projective varieties, then

X+xY ={ayePr|zeX yecY } CP"

Proposition 2.8. The following rational map parametrizes Con(L™1)

Vi L x LT - P x (P)* (z,y) — (x71, 2%y).



Here and in the following, we denote by T" := (K*)*™!/K* C P" the algebraic torus.

Proof. Let p € L™'NT™ C (L), and set 2 := p~!. By the proof of | , Proposition
4.1], a hyperplane H C P" with coordinates z € (P")* is tangent to L™! at p if and only
if there exists y € L+ such that z = p~2y = 2%y. Since p € L', x € L. Therefore, the
image of the rational map 1 contains the open subset

{(p, H) € (L7 NT") x (P")"

H O T,(L7") } € Con(L™).

After closure, we have Im(¢)) = Con(L™1). O

By construction of LY, L x L* is always contained in the hyperplane H, = V(x +
<o+ x,). As we will see, if L™ is not dual-defective, then this Hadamard product has
dimension n — 1 and therefore equals this hyperplane. This suggests that the map

¢: P* x (P")* --» P" x (P")*, (z,y) — (27, 2y)

is easier to understand than ¢. The main objective of the next section is to find the
relationship between the image of L x L* under v and under the simpler map ¢. To do
so, we use techniques from tropical geometry.

2.3 Tropicalization and non-defectivity

In this section we will recall tropical linear spaces. This will allow us to give a combinatorial
proof of Conjecture 1.1. Also, we will be able to reduce the problem of determining the
dual degree of L™! to the computation of the degree of the rational map

L x LL -2 H+ = V(ZO +oeee Zn) - (Pn)*7 (I7y) = xy.

We begin by recalling the fundamentals of tropical geometry and tropical linear spaces.
For a thorough introduction, see | ]

There are several ways to define the tropicalization of an embedded projective variety.
Here, we decide to go with the standard modern definition, which arises from monomial
orderings. Let ex € RE be the vector whose entries are all equal to 1, recall that every
vector w € R"™! /Rep defines a partial monomial ordering on the variables z, . .., z, of
the coordinate ring of T" by

Tgo - an < aht = woag + -+ Wt < wofo + -+ + Wn

n —

The initial term of a polynomial with respect to w is the set of monomials of highest
w-weight appearing in its support. For I C K[T"] an ideal, the initial ideal of I with
respect to w is

in, (1) = (in,(f) | f €I).

Let X° C T" be a d-dimensional irreducible subvariety of T". Its tropicalization is

trop(X°) = { w € R™!/Rep | iny (X°) # (1) } .



If X C P" is an embedded projective variety we set trop(X) = trop(X NT").

The Structure Theorem | , Theorem 3.3.5] states that if X° is an irreducible
d-dimensional subvariety of T", then trop(X°) is the support of a weighted balanced
rational polyhedral complex Cxo pure of dimension d, i.e. all maximal cells have dimension
d. The adjectives weighted balanced mean that to each maximal cell o of Cx. we assign a
non-negative integer called the weight of o, in such a way that it respects the balancing
condition. We will explain this construction for linear spaces below, for the general
setting, see | , Section 3.4]. It is important to keep in mind that there are many
polyhedral complexes with support trop(X). In what follows, unless stated otherwise,
when we refer at trop(X) as a polyhedral complex, we mean the coarsest polyhedral
complex with support trop(X).

Tropicalization allows us to express Hadamard products and powers of varieties in a
simple way:.

Lemma 2.9 ([ , Lemma 4.3]). Let X,Y C P" be irreducible projective varieties
such that X = X° and Y = Y°. Then we have the following equalities of subsets of
RnJrl/ReE .

trop(X *Y') = trop(X) + trop(Y)
trop(X™) = trop(X), m>1,

where + denotes the Minkowski sum of sets. In general, these equalities do not hold at
the level of weighted polyhedral complexes.

As an immediate consequence, using Proposition 2.8, we obtain the following equality
of sets:

trop((L™")¥) = trop(L) + trop(L™")

When L is a linear space, we call trop(L) a tropicalized linear space. In this case we can
endow trop(L) with a fan structure with nice combinatorics, which is called the Bergman
fan ¥, of L. This can cause confusion: Indeed, some authors define the Bergman fan of
a linear space L as the coarsest fan structure on trop(L). Here, we decide to go with the
convention in | ], where the Bergman fan is a refinement of the coarse fan.

The construction of the Bergman fan of a matroid M goes as follows. We represent
each flat ' of M by the incidence vector ep = 3 ,cpe; € RF/Rep, where e; is the i-th
basis vector. For any flag of flats F = (0 € F; € --- C F, € E) of M we consider the
polyhedral cone positively spanned by the incidence vectors

Cr = Pos(ep,...,er ) + Rep C R /Rep.

This is a k-dimensional simplicial cone in R¥/Reg. By | , Theorem 4.2.6], the
collection of cones { Cr | F flag of flats of M } forms a pure simplicial fan of dimension
tk(M) — 1 in R¥/Rep. The support of this fan equals the tropicalized linear space
trop(L).

Since this construction only uses the set of flats of M, it can be repeated for non-
realizable matroids. We call the fan obtained in this way the Bergman fan of M and
denote it ¥,,. Fans that can be realized as Bergman fans of some matroid are called
tropical linear spaces.

10



Ezample 2.10. The Bergman fan of M., is a 3-dimensional fan in R”/Reg. It has 36 rays
which are labeled by the 36 flats ) # F C FE of the matroid. It has 78 maximal cones
labeled by the 78 flags of flats of the form ) C Fy C F» C F3 C E. &

As a direct application of this tropical machinery, we prove Conjecture 1.1, that is, we
characterize when codimgpn)«(L™")¥ > 1.

Theorem 2.11. The reciprocal linear space L' is dual-defective if and only if the
matroid M is not connected.

Remark 2.12. If M is disconnected, then there exists a partition £ = E; U Ey such that
L' = J(L7Y LyY), hence L1 is dual-defective by Lemma 2.6.

For the reverse implication, recall that by Lemma 2.9, set-theoretically
trop((L™")) = trop(M) + trop(M™*) = Sy + Xy,
where M~ denotes the dual matroid. In particular,
dim((L™)Y) = dim(Zp; 4+ Bpye) = dim(L « L1). (1)

Lemma 2.13. Suppose M is a connected matroid. There exist flags of flats F in M and
G in M+ such that the Minkowski sum Cr + Cg C R”“/ReE has dimension n — 1.

Proof. We will prove the statement by induction. Suppose n = 1, so the ground set has
size 2. Since the only connected matroid in two elements is the uniform matroid U, o,
the only flag, in both M and M+, is ) C E. This flag has Cz = 0 and hence in this case
Cr + Cx has dimension 0 =n — 1 in R?/Reg.

We now suppose that M is a connected matroid of rank d with ground set F =
{0,...,n}, with |E| > 3. By | , Proposition 7.69(1)], either the deletion M\{n} =
(M~+/{n})* or the contraction M/{n} = (M*+\{n})* is a connected matroid. Upon
exchanging the roles of M and M+, we can suppose that we are in the second case. Since
M is connected, n is not a loop of M. Therefore, rk(M/{n}) =rk(M) — 1 = d and its
dual satisfies rk((M/{n})t) =n —rk(M/{n}) =n — d.

By our hypothesis, we can find flags of flats F = {0 < F c---C Fy C E\{n}}
of M/{n} and G = {0 € G; C -+ € Gng_1 S E\ {n}} of M\{n} such that the
Minkowski sum of the cones C'z and Cj has dimension n — 2 in R"/Rep (n}-

Consider now the flag F == {§ C {n} = F, € --- C F; C E}, where F, = F;,_; U {n}.
Since M /{n} has no loops (because it is connected), n does not have a parallel element in
M, so {n} is a flat of M. Therefore, the flats of M/{n} are those obtained by removing
{n} from flats of M containing this element, so F is a flag of flats of M. Similarly,
theflagg ={0 C G, C---C G, g1 CFE} G = cl(@i) is the smallest flat of M+
containing G, is a flag of flats for M. The inclusions are strict because cl(G;) is either
G itself or G; U {n}, and in the latter case, cl(G;) = G; U {n} for all j > i.

By our induction hypothesis, the linear span of the Minkowski sum of the cones

<Oj_: + C§>R = <6];1, c € 5 CG €T )+ ep\(n} C ]Rn/]ReE\{n}

Gn_dq-1
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has dimension n — 2. Therefore,
— ~ ~ ~ ~ n
Vi1 = (eB\{n}, €F 2 €F, 1 €G- ’eGn_d_1>R CR

has dimension n — 1. Let W,,_; :=V,,_; &0 C R" ® Re, = R¥. Since ¢, ¢ W,,_4, the
vector space

Vi = (er\(n}; €n; €5 €F, 1€ ean,d,JR

_ n+1
=(ep,€m,..,€F€Gs - €6, 4 )R CR

has dimension dimV,, = 1 4+ dim W,,_; = n.
Therefore, the vector space spanned by the Minkowski sum of the cones

<C.7: + Cg> - <€E7 €r, R, EGy 76Gn,d,1> +eg
has dimension n — 1 in R""!/Rep, and so dim(Cr + Cg) =n — 1. O
We now finish the proof of Conjecture 1.1.

Proof of Theorem 2.11. We already saw one implication in Remark 2.12. By Lemma 2.13,
if M is connected then dim(Xy; +3),1) = n— 1 and so in this case, by (1), dim(L~1)¥ =
n—1,so (L7 is not dual-defective. O

Remark 2.14. We have been informed that Dario Antolini has obtained a different,
independent proof of Theorem 2.11 in his doctoral thesis | ].

A weighted fan is a fan ¥ where we associate to each maximal cone o of ¥ a positive
integer weight wty (o). For fans coming from projective varieties, the weights are dictated
by the geometry of the variety. For tropicalized linear spaces, or more generally for
tropical linear spaces, the correct way to turn its coarse fan into a weighted fan is to
assign to each maximal cone the weight 1. For more details on how to assign weights to
tropicalizations we refer to | , Section 3.4]

Recall that for every positive integer m, trop(L™) = trop(L) = ¥, as sets. However,
in general, trop(L™) # trop(L) as weighted fans, instead

d—c(M)+1

Whirop(zm)(0) = m Whirop(z) (0) (2)

for all maximal cones o € trop(L), as shown in | , Lemma 4.9]. This observation is
key in the proof of the following proposition.

Proposition 2.15. Suppose M is a connected matroid, then deg((L1)V) = 2¢ deg(¢),
where B
¢: L x Lt --» H. CP", (z,y) — zy.

Proof. Since M is connected, by Theorem 2.11, (L™1)Y is a hypersurface. By (1) and
[ , Proposition 4.6], set-theoretically

trop((L ™)) = trop(H..).

12



We now determine the weights of the cones of trop((L™!)Y). Let o € trop((L™1)Y) be a
maximal cone. We apply | , Theorem 3.12] to the map q : L2x L+ --» P" (2, 7) — xy,

- t * NO’ : NT T*
deg<q) T+;DUW trop(LQXLL)(T +7 )[ + ]

= Whirop(£2)(T) Whiron(r ) (T5) [Ny : Ny + Nos],
Teg(@) , 2, " How(e2) () Whisoia) ()] |

throp((L_l)\/) (U)

where the sums run over all maximal cones 7 € trop(L?), 7" € trop(L') such that
T+ 7" Do, and [N, : N, + N, is the lattice index of N, + N, inside N,. Here if C' is
a cone, N¢ is the sublattice of Z""!/Zep generated by the lattice points of C'.

As a consequence of projective duality, deg(q) = 1, see | , Lemma 4.10]. By (2),
Wtrop(22) (T) = 29 Whirop(r) (1) for all maximal cones 7 € trop(L). Therefore,

throp((L—l)\/)(U) =9 Z thmp(L)<T) thTOP(Li)(T*)[NU N, + Nr*]

T+T* Do

~ 1 .
= 2d deg(¢)7~ Z throp(L) (T) throp(Li)<T )[No- . NT -+ NT*]
deg(¢) T+7*Do

= 2d deg(gg) throp(L*Li) (U)
= 2d deg(%)?

where the next-to-last equality follows again from | , Theorem 3.12] and the last
equality from the fact that trop(L « L*) = trop(H, ) is a tropicalized linear space and so
the weight of every maximal cone is 1.

Finally, | , Corollary 3.6.16] tells us how to read off the degree of a variety from
the tropicalization:

deg((L™")Y) = 2 deg(¢) deg(H ) = 2 deg(¢). O

2.4 The bipermutohedral fan and dual degrees

In this section we recall some of the results from | | which will be useful in
our setting to compute the polar degrees of reciprocal linear spaces. We start out by
motivating how the bipermutohedral variety and the conormal fan of a matroid, show
up in our context. In this way we develop the mechanism that will be used in the proof
of Theorem A to translate the intersection-theoretic problem of computing degrees to
a combinatorial problem in terms of invariants of matroids. We close this section by
applying this mechanism to the special case of the dual variety to L™}, see Theorem 2.21.
Here the corresponding combinatorial problem has already been solved in | | and
hence we obtain a closed formula for the dual degree of L™! for any linear space L C P".
In particular this answers Conjecture 1.2 affirmatively.
Let £ =40,...,n} and let L CP" be a linear space. Recall the map

¢: P x (P™)* --» P" x (P")*, (z,y) = (71, 2y).

13



In Section 3.1 we will relate the polar degrees of L™! to the bidegrees of ¢(L x L1) C
P™ x (P")*, in the same way Proposition 2.15 relates the dual degree to the degree of
(5. The ultimate goal of this section is to explain how to compute these bidegrees. The
main issue here is that the map ¢ is only a rational map and the bidegrees of ¢(L x L1)
are governed by how L x L* intersects the indeterminacy locus of ¢.

Before completely resolving the base locus, we first apply a sequence of blowups
in both factors of P x (P™)* individually with the goal of replacing every coordinate
subspace in a single factor by a divisor. This construction is a well-known tool in matroid
intersection theory and leads to the permutohedral variety X (Xg). This smooth toric
variety associated to the permutohedron resolves the Cremona map:

X(Zg)

L i s > P

We refer for example to | | for details on the construction of X (Xg). We get the
following diagram.

X(Xg) x X(Zg)

TS~.__ invxmult
%W \\\\) (3)

e S s P x (P

Here the map «; X «y is the birational map obtained by composing all of the blowup
maps in the construction of X(Xg) as an iterated blowup. The map inv x mult is the
composition of a; X ay and ¢. Notice that this construction only resolves the map inv,
but not the map mult; inv x mult is still only a rational map.

To resolve the base locus of inv x mult, we replace X (Xg) x X (Xg) by the bipermu-
tohedral variety X (Xg g) of | ]. We recall the detailed construction of this toric
variety in the later parts of this section. The strict transform of L x Lt gives a subvariety
of X(Xp g) which we denote X ;1. We obtain the following extension of diagram (3)
by the resolution of the map inv x mult:

XL,LJ- = X(ZE,E)
TXT invxmult
X (Zg) x X(8p) -2, prs (o) 4
a1 Xog ~
é Ty
LxILtC P*x (P)* —-—momem- » P x (P7)*,
The map 7 X 7 is a birational toric map, defined in | , Proposition 2.11]. Indeed,

on the level of fans, the fan ¥ g is obtained from Xz x ¥ g by subdividing some two-
dimensional cones and choosing a suitable fan structure. In this way 7 x 7 is induced by
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the identity map on fans. In Section 3 we will use this diagram and the push-pull-formula
to translate the computation of the bidegrees of ¢(L x Lt) into an intersection problem
on X (E E, E)

Now we give a short overview on the fan X g, the Chow ring A*(X (Xg g)) and some
classes in it, which are relevant for our proof. For a much more detailed exposition we
refer the interested reader to | ).

Let Np g = Np @ Np = R¥ /Rer & R¥/Rfr where ep and fr denote the all-ones
vector in the first and second factor respectively. The bipermutohedral fan X g is a
complete fan in Ng p. We will now describe its rays and cones.

o Rays: Let S, T C E be non-empty such that SUT = F and SNT # E. We write
S|T for the ordered pair (S,7) and call it a bisubset of E. Every bisubset of £
defines a ray of X i g with primitive ray generator

es|r ‘= €S+fT=Z€z‘+ij,

i€S jeT

where e; and f; denote the class of the standard basis vectors of R¥ in the first
and second coordinate of Ng g, respectively.

» Cones: A collection of rays indexed by bisubsets S;|T1, ... Sk|T) forms a cone in the
bipermutohedral fan g g if and only if, up to reordering the indices, the following
three conditions are satisfied:

k
$1C8HC---CS,, NT2L2---2T,, JSNT, #E.
i=1

The variety X (X g) in (4) is by construction the toric variety associated with the fan
Y g . The name bipermutohedral fan comes from the fact that the two induced subfans
of the subsets of rays {egz |0 €S C E} and {egr | 0 C T C E} are two copies of the
permutohedral fan ¥ g. In particular, the two projections Np p — Ng induce the map
T XT: X(EE,E) — X(EE) X X(EE)

Lemma 2.16. The a priori rational maps m X T and inv x mult in diagram (4) are in
fact regular.

Proof. The first factor inv already has no base locus on the level of products of permuto-
hedra, i.e. the map inv in diagram (4) is regular. The second factor and the two maps
7, T are regular by | , Proposition 2.11]. ]

Below we give diagram (4) again, but this time on the level of fans instead of toric
varieties. In this way all maps become linear. In analogy to the version for varieties
we use dashed arrows to indicate that a linear map is not a morphism of fans, i.e. does
not map cones into cones. We write I' for the fan in Ng that is the normal fan of the
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standard simplex Conv({e; |i € F'})

YEE
(w’y \(ﬂvx“i’y)
IRV S et NN (V) (5)
l(x7y) \\\\‘~\ \\(\_\T‘:iv+y) H
Dy oo 2709 2 pr

Here the labels on the maps indicate where this map sends a point (z,y) € Ng @ Ng.
Compared to diagram (4), the above diagram for fans is missing the product of linear
spaces L x L+ and its strict transform in X (Xg.g). The reason is that these subvarieties
are not invariant under the torus action and the inclusions ¢, and L x L+ < P" x (P")*
are not toric. To place L x Lt into (5) we will replace it by the conormal fan of M
defined in | , Section 3.4]. This fan is a subfan of ¥ g with the property that its
class in the Chow ring of X g agrees with the class of the strict transform X ;.. In
particular, for all intersection-theoretic purposes, we can replace [ X ;1] by [Ey, 1], We
will make this precise now.

Definition 2.17. Let M be a loopless and coloopless matroid on E. The conormal fan
of M is the induced subfan ¥, y,1 of ¥ g g whose support is

S arare | = trop(M) x trop(M™*).

The rays of ¥, /1 are labeled by bisubsets S|T" such that S is a flat of M and T is a
flat of M+, we say that S|T is a biflat.

Next we describe the Chow rings of all appearing toric varieties. We generally switch
between three equivalent descriptions of these rings: piecewise polynomial functions,
torus orbit closures and Minkowski weights. For more details we refer to | , Chapter
12.5] or the survey paper | .

« Piecewise linear functions. For a complete rational simplicial fan ¥ C Ng g the
Chow ring of the associated smooth complete toric variety A*(X (X)) (with rational
coefficients) is a quotient of the subring of rational piecewise polynomial functions
on ¥. Here a function f: Ng g — R is said to be rational if it takes rational values
at the lattice points of Ng g and it is said to be piecewise polynomial on X if the
restriction of f to any cone of X is given by a polynomial in Q[z; — 2g,..., 2, —
20, W1 — Wo, - . . , Wy, — Wp|. We take its quotient by the ideal generated by all globally
polynomial functions on .

In this description pulling back along a map X(X;) — X(X3) corresponds to
composing a piecewise polynomial function with the linear function of fans ¥y — X,.

« Torus orbit closures. Fix again a complete rational simplicial fan > C Ng g.
The Chow ring A®*(X (X)) (with rational coefficients) is the quotient ring

A*X(2)) = Qlz, [ pe B/ + ). (6)

16



Here [ is the linear ideal

I = <Zpez(1) l(p)z, ’ e NEE> ’

where [ € Nj  means a rational linear function on Ng p and by I(p) we mean the
value of [ at the first lattice point of the ray p. The ideal J is the monomial ideal
generated by all non-cones:

J=(x, -z, | s €N, Pos(p,...,ps) & 2(s)).

In this description, the degree map is easy to describe. The degree 2n part
A(X (X)) is a one-dimensional Q-vector space and the class of the monomial
Tp, -+ Tp,, is nonzero and the same for every maximal cone Pos(pi, ..., pa,) of X.
The degree map [xx): A*(X(X)) — Q is the unique Q-linear map which is zero on
classes of degree not equal to 2n and takes value one on any monomial z,, ---z,,,,
where cone(py, ..., pan) € X(2n).

To translate between these two descriptions note first that, since the Chow ring is
generated in degree one, it suffices to explain how to translate between the degree one
parts of both descriptions. A piecewise linear function [ = (I,), is sent to the linear
polynomial 3 cv 1y [(p)z, where [(p) is the linear function I, for any o containing p,
evaluated at the first lattice point of p.

« Minkowski weights. Let X C Ng g be complete, rational and simplicial. Here
we give an alternative description of the Chow groups, i.e. the Q-vector spaces
A*(X (X)), without describing the ring structure. By Poincaré duality the intersec-
tion pairing

AXE) X AHEE) 2 W) [V

is non-degenerate and induces an isomorphism A*(X(3)) = Hom(A?"*(X (X)), Q).
By the description above, A2"~*(X (X)) is generated by monomials corresponding
to 2n — k-dimensional cones in 3, hence an element of Hom(A?"~*(X (X)), Q) can
be viewed as a function from the 2n — k-dimensional cones of ¥ to Q. The relations
among the monomials in A2"~*(X (X)) restrict the functions that can appear in
this way to 2n — k-dimensional Minkowski weights, which we now define.

A function f: X(2n—k) — Q is a Minkowski weight if for every cone o € X(2n—k—1)
we have

> f(0")pe\or € Spang (o)
oo
where p,\, is the unique primitive ray generator belonging to ¢’ but not to o.

This viewpoint is useful to associate a class in the Chow ring to a weighted balanced
subfan ¥’ of ¥ of dimension 2n—k. Indeed ¥’ gives a Minkowski weight on ¥(2n—k)
by assigning weight 0 to all cones that do not belong to ¥'. We write [¥'] for this
class.
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The following technical lemma allows us to replace the strict transform of L x L+
in X(Xgg) by the class [Ey 1] € A"™(X(Xgg)). This last class is defined via the
Minkowski weight description above by assigning constant weight 1 to all cones in
Yg,p(n — 1) that belong to Xy 5+ and weight zero to all other cones. This in fact makes
Y e a balanced weighted fan by | , Proposition 3.7].

Lemma 2.18. The class of the strict transform Xp o of L x L* in A" (X (g p)) is
[Earast]-

The proof imitates | , Lemma 9.8] for the bipermutohedral fan. For details on
the terminology used in this proof we refer to | ]

Proof. On the dense torus of P" x (P")*, the tropicalisation of X° := (L x L) N (T" x T")
is supported in trop(M) x trop(M+). We endow this set with the fan structure given
by the conormal fan 3, ;.. This refines the Grébner fan g, of X°© due to | ,
Exercise 4.7.(7)]. By | , Proposition 6.4.17] the closure of X° in X (X,) is a flat
tropical compactification. This property is preserved under refinement of ¥y, by [ ,
Proposition 6.4.14], hence the closure of X° inside X (¥, 1) is also a flat tropical
compactification. On the other hand, under the inclusion X (X 1) — X(ZgE)
induced by the inclusion of fans, the closure of X° inside X (3 ,1) is Xy p1, i.e. the
strict transform of L x L+ in X (Xg g). Since g g is a completion of Xy, 5,1, we conclude
by [ , Theorem 6.7.7], this finishes the proof. ]

We also work with the Chow ring of the fan 3, /1, which is not complete; in fact the
dimension of this fan is only n — 1 inside the 2n-dimensional ambient space Ng g. In this
case we simply define A®(X ) /1) to be the quotient ring in (6), which is well-defined also
for non-complete fans. Concretely, the variables of this ring are x| for F|G a biflat of
M (Definition 2.17), and a square-free monomial is nonzero if and only if it corresponds
to a biflag. This combinatorially defined Chow ring still admits a degree map [,

M,M-L
since its top-degree part A" (X, 51 ) is one-dimensional, see | , Proposition 3.7].
Notice that A*(X,s 1) is the quotient of A*(X (X g g)) by the monomial ideal generated
by all monomials corresponding to cones in X g which are not cones in X, 5,2. The
corresponding quotient map gives us a ring homomorphism

L A.(X<EE7E)) — A.(EM7MJ_)
Tpy oo Ty, {IPI T py, if POS(le - 7pk) S EM,ML (7)

0 otherwisem

which we call the pullback map from X (Xg g) to Xy e

Looking again at diagram (4), to compute the bidegree of the image of L x L+ under ¢,
we will need to pull back the two hyperplane classes hy = [H x (P")*] and hy = [P" x H]
following the maps

(invxmult)*
) ——

AP x (P AY X (Bpg) —— AYSyarn).

We describe the resulting classes in the following lemma.
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Lemma 2.19. Let 7 := *(inv x mult)*[H x (P™)*]. For any choice of i € E this class is
given by

7= Z Tp|G-

F|G biflat
it F

Let § = (*(inv x mult)*[P" x H]. For any choice of i € E this class is given by

0= Z TR|G-

F|G biflat
1€EFNG
Proof. Write zy, ..., zn, Wo, . . . , W, for the standard basis of linear functions on R” & R¥,
so that linear functionals on Ng g are given by linear combinations of these functions
such that the coefficients of zg,..., 2, sum to zero and the coefficients of wy,...,w,
sum to zero. The piecewise linear maps corresponding to [H x (P™)*] and [P™ x H] are
max;ep (2 — 2;) and max;ep(w; — w;), respectively, We compose these maps with the
linear map (—z, z + w) and then evaluate the result on the rays of X g g. After applying
t*, we obtain the claimed representations. O

The following proposition is the main result of this section and will be used in the
computation of the polar degrees of reciprocal linear spaces.

Proposition 2.20. Let L C P" be such that M 1is loopless and coloopless. The bidegree
of (L x Lt) can be computed in the Chow ring A*(Xy; 1) using the classes 5 and 6.
More precisely for any k=0, ...,d we have

/]P>"><(pn)*[¢(L x L) - [H x (P™)*]"- [P" x H]"™ -1 :/Z kg =

M,ML

Proof. Recall that X, ;1 is the strict transform of L x L+ in X(Zg g). It follows from
the push-pull formula | , Proposition 2.5(c)] and by noting the birationality of
XL,LJ- — Qb(L X Ll), that

= /X(EE E)[XL,LJ-] - ((inv x mult)*[H x (]Pm)*])k - ((inv x mult)*[P" x H])”*’“*l_

By Lemma 2.18 we have [ X ;1] = [E), 1] As a Minkowski weight, [, 5,1] assigns one
to the maximal cones of X, /1 in X g and 0 to all other cones in Xg . In particular
intersecting a class [V] € A" (X (Xgg)) with [X ;1] and taking the degree map in
A?"(X (Xg,g)) is the same as mapping [V] under the combinatorial pullback map ¢* and
applying the combinatorial degree map fEM I By Lemma 2.19, the pullbacks of the

two hyperplane classes map to ¥ and ¢ respéctively, which finishes the proof. n

To finish this section, we give a short preview of what will happen in Section 3 by
applying this machinery to the case k = 0, which computes the dual degree of L.
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Theorem 2.21. Let L C P™ be a linear space of dimension 0 < d < n such that the
matroid M = M(L) is connected. Then deg (L™1)" = 2¢3(M).

Proof. Since |E| = n + 1 > 2 connectedness implies that M is loopless and coloopless.
By Proposition 2.15 we have deg((L™!)Y) = 2¢deg(¢) where ¢ = (pry 0 ¢)|pypo. Since
deg(@|rxrr) = 1, it suffices to show that deg(pr2|¢ L><LJ-)) B(M). Recall that the image

pry(¢(L x L+)) = L L+ is the hyperplane H,, therefore we have (pr,).[¢(L x LL)] =
deg(pr2|m) - [H]. By the push-pull formula we get

deg(prs|577777) = /P (pr)u[6(L % L5 - [H]!

= [6(L x LH)] - [P" x H]*™

P x (Pm)*

‘/MML

B(M).

Here the second to last equality is precisely Proposition 2.20 and the last equality is
[ , Proposition 4.9]. ]

3 Proof of the main theorem

This section contains all details for the proof of our main theorem and it is divided into
three parts.

The first part relates the polar degrees of L™ to the bidegrees of the class [¢(L x L1)].
This is precisely the analog of Proposition 2.15 where we did the same already for the
dual variety (L~1)Y. We will again use tropical methods to extract a power of 2 from the
polar degrees.

The second part focuses on computing the bidegrees of the class [¢(L x Lt)] using
Proposition 2.20. We will work in the Chow ring A®*(3,s ps1) of the conormal fan of the
matroid M to obtain a combinatorial formula summing over flags of flats in the matroid
M and involving beta invariants of minors of M. In the case of the dual (L™1)Y, this
was already done by | , Proposition 4.9]. We note that the arguments in this
subsection work for all matroids M, irregardless of their representability over K.

In the final part we rewrite the combinatorial formula obtained in part two in terms
of the reduced characteristic polynomial of the matroid M which allows us to arrive at
the clean formula presented in Theorem A. In this way we conclude the proof of that
theorem.

We will assume in Sections 3.1 and 3.2 that M is coloopless (and loopless). The main
theorem does not have this assumption, we will do this reduction in the proof of the
theorem.

20



3.1 A simpler map

Recall that Con(L~!) C P" x (P")* denotes the conormal variety of L=!. We write
[Con(L71)] € A*(P™ x (P™)*)q for its class in the Chow ring of P x (P")*. We identify
this Chow ring with Q[hy, he]/ (R}, A3*Y) where hy = [H x (P")*] and hy = [P" x H]
are the two pullbacks of hyperplane classes from the two factors. Our first goal is to
establish the following proposition.

Proposition 3.1. For any k =0,...,d we have

/ oo |CORET] i = 2T / (G(L x L)) - hEpp=h=1,

nX(]Pm)*

Proof. Consider the following commutative diagram:

P x (P)* ------ » P ox (P)*

/|

(z~12%y)
P x (P)* -2 y P ox (P)*
Ul Ul
L x Lt - » Con(L™1)

Here f; = f; are the squaring maps in the first factor, i.e. they both send a point (z,y)
to (z%,y). The map 1 is precisely the parametrization of Con(L™!) that we deduced in
Proposition 2.8.

We will mostly work in the two rightmost spaces of this diagram. For better readability
we want to distinguish the hyperplane classes on the upper right P* x (P")* from those
in the lower right P* x (P")*. For that reason we will now use the names hy, iy for the
two hyperplane classes in the upper right P x (P™)* and as introduced above stick with
h1, hy on the lower right P* x (P")*. Using this notation we clearly have fjhy = 2hy,
f;ﬁg = hsy. Hence by the push-pull formula we get

(Con(t™)] - (3 f5Fn ) (fiha) ="

]P)nx(]pn)*

/ [Con(L™ )RRy —H=1 -
nx(]}hn)*
; - Tkin—k—

deg(f2|con(L—1)) Tkin—k—1
= BRG] [ BRI Ry

For the last equality we used that the closure of the image of fo|con(r-1) is ¢(f1(L x L))
by commutativity of the above diagram.
There are two things left to prove:

« We have deg( fo|con(z-1)) = 2¢(M)=1 e defer this computation to Lemma 3.2.

o We can rewrite the integral avoiding the map f;, namely

Lo [P X RNt = 20 [ (6L LAy

IP”X(P")*
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We will now deal with this last point using tropical intersection theory. By | ,
Theorem 6.7.9] we have

/IP’"X([Pn)* [¢(f1(L X LL))]iL]fBg*kfl

= multo trop(§(f1(L x L)) N trop () i trop(Ag 1)),

Here Ny denotes stable intersection and by trop(ﬁ’f) we mean the tropicalization of the
points with nonzero coordinates in V' x IP" for a generic linear subspace V' of codimension
k and analogously for trop(ﬁ?’k’l). The result of this stable intersection is a weighted
fan and multy denotes its multiplicity at the origin. We can tropicalize the monomial
map ¢ and use Lemma 2.9 to see that set-theoretically we have

trop(¢(fi(L x L™))) = trop(¢)(trop(L?* x L))
= trop(¢)(trop(L x L*))
= trop(¢(L x LV)).

These equalities only hold set-theoretically, not on the level of weighted fans. It remains
to track how the weights change along these equalities. To track weights under the finite
map trop(¢) we use | , Theorem 3.12] twice. Indeed, by the same reasoning as in
Proposition 2.15, using (2) and the fact that ¢ is birational both restricted to L x L*
and restricted to L? x L+, we obtain for every maximal cone o of trop(é(fi(L x L1)))

— 2d,c(M)

Whirop(e(f1 (Lx L)) (7) T Whirop(o(Lxz ) (0)-

Since the weights of all cones are rescaled by the same factor, we can extract this factor
from the stable intersection and obtain again by | , Theorem 6.7.9]

ity trop(9(f (L x L)) My trop(F$) 1 trop(i 1))
= 2d_C(M)+1mult0(trop(¢(L x L)) Ny trop(h¥) Ng trop(ﬁg_k_l))

R E A NN 2 (70 ) 7 O

Ipmx([pn)*

Lemma 3.2. In diagram (8), the restriction of the squaring map fo to Con(L™') is finite
of degree deg( fa|con(z-1)) = 2c(M)—1,

Proof. Since the maps ¢|;2,; 1 and 1 are both birational, we have

deg( f2|con(r-1)) = deg(fa o) = deg(d o fi|rxrr) = deg(filrxrL).

As the map f; is the product of the squaring map in the first factor and identity in the
second factor, we get deg(fi|rxr1) = deg(s|r), where s: P* — P™ is the coordinate-wise
squaring map. Let [H| and [ﬁ ] denote the hyperplane classes on the domain and target
of s respectively. Using once more the push-pull formula, we find
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deg(L?) = [ [s(L)|[H]"
_ s«[L] 74
~ Jen deg(hlL) [H]
B 1
~ deg(s|y) Jen
~ deg(s|z)’

Since by | , Theorem 2.6], deg(L?) = 2¢=¢(M)+1 (this uses that M is coloopless),
we conclude that deg(h|;) = 2°*)~! as claimed. O

[L](2[H])

3.2 Multidegree

Combining Proposition 3.1 and Proposition 2.20, we reduced the problem of finding the
polar degrees of L=! to computing the intersection numbers

/ '?k 5n—k—1 )
EM,ML

The purpose of this section is to carry out this computation and give a first combinatorial
formula. To state the main result of this section more precisely we recall the following
definition.

Definition 3.3. Fix the linear order 0 < - -+ < n on the ground set £ = {0,...,n}. A
flag F={Fo=0C F, C--- C Fy,1 = E} of length k is decreasing if min F;,, ¢ F; for
all i =0,..., k. In particular, this implies that every inclusion in F is strict.

See Figure 1 for an example of a decreasing 4-flag in M.

Proposition 3.4. For any k =0,...,d we have

[oFte= S pMLF)),

M,ML JF decr.
of length k

where the sum goes over all decreasing chains of flats of length k of the form F = {Fy =
DS F G- CF CE= Fpa} and (M[F]) =TI B(M|r,/Fi-1).

Recall that by Lemma 2.19 for any ¢« € £ we have

Y= Y. =pq, b= Y. xpc

F|G biflat F|G biflat
it F i€FNG

in the Chow ring of the matroid conormal fan. To prove Proposition 3.4 we will first
deduce a square-free representation of any power of 4. The result will then follow by
applying a formula of | .
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Lemma 3.5. Let 0 < k < d.

(i) For all k-biflags F|G we have

Trig 7= Z T FUF|GUG-
F|G biflat
FUF|GUG biflag
FCF,G2G
min F1¢F

Here F U F|G UG means the (k + 1)-biflag obtained by inserting F|G into F|G in
the first position.

(i) ¥ = > zxme

F|G k-biflag
F decr.
Proof. (i) Write F={0 CF, C---CF,CE}tandG={FEDG, D ---2G; 20}
In order for a monomial x| rg, where F|G ¢ F|G, to be non-zero, one must be able
to insert the biflat F'|G into the k-biflag F|G to form a (k + 1)-biflag. Use i := min F} in
the definition of 7, i.e. use the representation

v = Z TrG-

F|G biflat
min(Fy)¢F

Now for any term xp| in this representation, suppose that the monomial zpgzr|g is
non-zero. Then since min(F) ¢ F, but min(F) € Fj for all j =1,... &k, F must be the
first flat of F'U JF. This gives the necessary conditions F' C F;, G O G and ensures that
F|G is inserted in the first position of F|G to form F U F|G U G.

(ii) This follows inductively from (i) by observing that the Stanley—Reisner relations
force FF'UF|G UG to be a biflag and the minimum condition ensures that F is decreasing.
[

We conclude this section with the proof of Proposition 3.4.

Proof of Proposition 3.J. By | , Lemma 4.15 and Proposition 4.18]
[ g — {S017) 86 =~
LF|G - = .
0 otherwise,

where F£ == {0 C cly . (E\ Fy) C--- Cecly (E\ Fr) € E}. We conclude by applying
this to the expansion from Lemma 3.5:

LA [ ameettt = S (MIF). =

M,ML F decr. M,ML F decr.
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3.3 A closed formula

To recap, we have shown that

5x(Con(L™1)) = 24 / I R T S 10 (V)
X(Zp.E) F decr. k-flag
Let par(t) = 7 qeer. fiag B(M[F))tF! € Z[t], where |F| denotes the length of a flag. It
remains to establish the following result.

Lemma 3.6. We have the equality

purlt) = (~t= x5 ):

t+1

Proof. We proceed by induction on the rank of M. The base case is rk(M) = 1. In this
case, the only decreasing flag has length 0, so pys(t) = 1, which agrees with the right
hand side of the statement since the reduced characteristic polynomial is ¥, (t) = 1.

Now let rk(M) > 1. For each summand in py,(t) corresponding to a flag F of length
k > 0 we single out the largest proper non-empty flat F' = Fj of /. We rewrite the
summation defining py,(t) as a sum over flats F' appearing in this way. Notice that by
the condition of being decreasing, we always have 0 ¢ F'. Including the summand 3(M)
for the unique length 0 flag yields the recursion

pult) =B + 3 3 BM/F)B(M|p[F )t

Foé'lgt F! decr.l
flag in M|p
F£

=B(M)+t > B(M/F) - pa,(t).
0
F£0

Notice that every occurrence pyy,.(t) on the right hand side uses a strictly smaller matroid
since we know 0 ¢ F. Hence by induction we know

pM(t) = B(M) +1 Z B(M/F)(—t o 1)rkM(F)1XM|F( 1 >

F flat L+t
0¢F
P
We substitute ¢ ~ 1 — 1 and multiply by (—t)*®*)~! to get
1
(=) 0ty (5~ 1)
= BM)(=t) M= (8= 1) Y B(M/F)(—t) ==y, (1)
F flat
!
= BM) (=) M7 g 37 (M F) (=) DR (1)
F flat
¥
= > BM/F)(—t) M= ().
F flat
0¢F
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Here in the last step we include again the summand for the empty flat using that
Xwm|,(t) = 1. We could not include this summand earlier since it is the only summand
where the (non-reduced) characteristic polynomial is not divisible by ¢t — 1, hence this
summand has no reduced characteristic polynomial.

By applying the same substitutions to the equality that we want to prove, we see that
it remains to show

Xur(t) = D BIM/F) (=) D=0y (1) = qu(t),
F flat
0¢F

which is achieved in the following Lemma 3.7. [

Lemma 3.7. In the notation above we have qu(t) = X (t).

Proof. By | , Corollary 7.2.7] and its evaluation at t = 1, we have
YM(t) - Z M(@a F)trk(M)_rkM(F)—l (9)
F flat, 0¢F
(_l)rk(M)—lﬁ(M) — Z M(Q), H) (10)
H flat, 0¢ H

Let G be a flat, 0 ¢ G, then inserting the definition of xs, and (10) for 3(M/G), we see

BM/G)(—ty @y (8)
_ trk(M)—rkM(G)—l Z MM/G(maH) Z H’M((Da F)trkM(G)_rkM(F)

H flat of M/G F flat of M|g
0¢H
— Z trk(M)frkM(F)fllu]u(@7 F),LLM(G, H)
F,H flats of M
FCGCH,0¢H

Summing this expression over all flats G Z 0, we obtain (notice that 0 ¢ H and G C H
already implies 0 ¢ G)

> BM/G) (=) D@y (8)

G flat
0¢d
= > T, F)u(G, H)
F,G,H flats
FCGCH,0¢H
= > (0, PO N (G H).
F,H flats G flat
FCH,0¢H FCGCH
The rightmost sum over G is zero unless F' = H, in which case it is 1 | , Proposition
7.1.2]. This means that we are left with a single sum over F' not containing 0, thus
exactly the expression (9) for the reduced characteristic polynomial of M. O

We can now prove our main result, Theorem A. Notice that, contrary to the standing
assumption in Sections 3.1 and 3.2, M = M(L) may have coloops.
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Proof of Theorem A. We start by reducing to the coloopless case.

Suppose that M has a coloop, say {0}, and suppose that Theorem A holds for
L' = L NPKPMY) € P! which satisfies M’ .= M(L') = M(L)/{0}. L~' is then a
projective cone over L'~ with vertex [1:0:---: 0], or, in the notation of Lemma 2.6,

L—l — J(]P)O,L/_l) g ]P)(Kl-l-n)
Applying said lemma, p;(L™) = (L) - po(P°) = p (L) for i = 0,...,d — 1 and
k

pa(L™1) = 0. Since 0 is a coloop, tk(M’) = k(M) — 1, and x,,(t) = (t — 1)X, ().
Therefore,

(=20 = 1" (57) = (220 = OO (2 = 1) (5 )

2t +1 2041 2t +1

o 1yk(M)—1— 2
= (=2t—1) XM’(2t+1)

d—1 '
=D (LY

7=0

d

= > m(LHY

7=0

All that is left to do is to prove the Theorem A in the coloopless case. By Proposition 3.1,
Proposition 3.4 and Lemma 3.6,

§;(L71)

SNy (L),

=0 t+1

We obtain the desired expression by substituting ¢ by ¢/2. The polar degrees follow from
the equality p; = 64-5, 7 =0,...,d. O]

Remark 3.8. In | |, the authors give a Grobner basis for the ideal of the graph of
the Cremona map I'y, = { (z,271) |z € LNT"} CP" x P". This yields a degeneration
of I(I'L) to the Stanley-Reisner ideal of the extended no broken circuit complex AFNEC of
the matroid M. This can be seen as an combinatorial commutative algebra explanation
of the fact that the bigraded Hilbert series of I(I'y), and hence the bidegrees of T'y,
can be expressed in terms of the reduced characteristic polynomial of M. It would be
interesting to see whether the ideal of ¢(L x L) also admits a particularly nice Grobner
basis which leads to a more algebraic explanation of the results in Sections 3.2 and 3.3.

4 Consequences and Generalizations

4.1 Polar, distance, and Chern degrees

We begin this section with examples to illustrate Theorem A.
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Example 4.1. Let Loy C PY be the 3-dimensional linear subspace defined in Example 2.2
and let Mg, = M(Ley) be its matroid. The reciprocal linear space L} C P° is a projective
variety of dimension 3 and degree 10 = pu* (M, ). Its conormal variety is a 5-dimensional
subvariety of P® x (P%)*. The bidegree of this variety is given by

[Con(L.)] = pohihy + paihihs + pahihy + ushShy € As(P° x (P9)*).

We determine the coefficients py, . .., p3 via Theorem A. Indeed, the theorem gives us
the following identity of polynomials in one unknown ¢:

ot
t t? 2= (=2t — 1>y ()
o + it + pot” 4 pus ( ) X M T

= 10 + 34t + 40¢* + 16¢>.

Here, the last equality comes from inserting the reduced characteristic polynomial of M,
that we computed in Example 2.4. In particular the degree of (L™!)V is

deg (L71)Y =16 = 2% - 2 = 293(M.y,). &

Ezample 4.2 (Uniform matroids). A general linear subspace L C P has matroid M =
Udt+1n+1- Its reduced characteristic polynomial has the particularly simple form

LOUED DE TR (3

=0

Applying Theorem A, substituting ¢ — 2¢, and clearing denominators, we obtain

After binomial expansion, the coefficient of ¥ in the previous expression is given by

e )6)-5er ()00 - (05
Thus,
s =2 Q) e ()

In particular, since the uniform matroid is connected, deg (L)Y = §o(L71) = 2¢ ("71),

d
in coherence with | , Theorem 4.11]. The formula p; = 2(n — d) ( d:) also appears

in [ , Example 4.1], compare Corollary 4.5(ii) below. &
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Ezample 4.3. The Fano plane P?(Fy) famously gives rise to a matroid Fy of rank 3 on 7
elements realizable only over fields of characteristic 2 as Lpan, C PS. However, we invite
the reader to check that our proof of Theorem A never crucially relies on the standing
assumption of char(K) = 0. We have

Xr (1) =1* — 6t +8 ~ o =8, =20, po =12,

which can be confirmed by computing the bidegrees of Con(Ly,.,,) using computer algebra.

Note however that in this case us is not the dual degree: Since squaring in characteristic
2 is set-theoretically the identity, we have that (Lg.,)Y = H,. In particular, Ly does
not satisfy projective duality, Con(Lp,. ) — (Lpao)" is an inseparable map. This is the
reason that deg (L. )Y # pa(Ly..). The proof of Proposition 2.15 relies on projective

duality and hence also does not give the correct result. &

Theorem A gives a formula for all polar degrees in the form of the generating function
of (u;); resp. (6;);. This yields the promised alternative proof of Conjectures 1.1 and 1.2,
which we proved in Theorems 2.11 and 2.21, about defectivity and dual degree.

Proof of Corollary 1.4. We use the second formula of Theorem A to get

2

(L) = (sz;ai@l)ti) — (2% (2) = 2000)

t=0

A variety is dual defective if and only if §o(X) = 0, hence L™ is dual defective if and
only if S(M) = 0. Since the groundset of M has size n + 1 > 1, this holds if and
only if M is disconnected. In the non-defective case, one has do(X) = deg(X"), hence
deg (L71)Y = 293(M). O

With slightly more care, we can also give the dual defect and dual degree in the
disconnected case.

Corollary 4.4. The codimension of (L™1)Y in (P™)* equals the number of connected
components c(M). Its degree is

deg (L71)Y = 9d-+1—c(M) e >iMl§'2M) — H Qrk(C)—lﬁ(C).

t=1 C conn. comp. of M

Furthermore, the polar degrees of M are the convolution of the polar degrees of its
connected components.

Proof. This can either be deduced from the connected case (Corollary 1.4) together
with the convolution identity from Lemma 2.6, or by the fact that the characteristic
polynomial is multiplicative under direct sums:

xm(t) = [T xe(®), () = (£ = 1) T xe (). L
c c
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Theorem A also gives a new proof of the expression of the first two polar degrees
of reciprocal linear spaces in terms of matroid invariants. For any projective variety
X C P, the zeroth polar degree po(X) is the degree of the variety X, while the next
polar degree 11 (X) is the degree of the Hurwitz form Huy | , Theorem 9.

Corollary 4.5. (i) The degree of L™" is uo(L™) = u*(M).
(i) The Hurwitz degree of L™" is py (L) = 2(—1)™ M) (xk(M)xa1(0) + x4, (0)).

The formula for deg L™! first appeared in | |. Tts Hurwitz degree was first
mentioned in | , Example 4.1], which references | , Proof of Proposition 33].

Proof. To recover the degree of L™ we evaluate the formula for the generating function
of the polar degrees derived in Theorem A at t = 0:

po(L71) = (=1)"x (0) = pu*(M).

To recover the Hurwitz degree, we first differentiate the generating function, obtaining

2t 2(—2t — 1)4 2t
D=t = —2d(—2t — 1) 'y Y, :
2*7 (L ( el e 2t +1)2 "M\ 2t 11

We now evaluate this equality at ¢ = 0, and we get
pa(L71) = 2d(=1)"%(0) + 2(=1) "X} (0)
= 2d(=1)""xar(0) + 2(=1)* (=X (0) = x2r(0))
= 2(=1)" (dxar(0) + x4, (0) + x2r(0))
= 2(=1)"((d + Dxar(0) + X3, (0)),
where the second equality uses Y ,,(0) = —xas(0) and \),(0) = —x’,(0) — xas(0). O

Next, we discuss an application to Euclidean distance optimization. If X C CV is
an irreducible variety and @ € S?(C")* a non-degenerate quadric, then the Euclidean
distance degree EDDg(X) is the number of critical points of z +— Q(z — u) on X, for
general u € CV | ]. The distance degree of a projective variety X C PV~! is that
of its affine cone. If () is chosen generally, then the distance degree attains its maximum
value (among all quadrics); this value is the generic distance degree EDDge,(X).

Theorem 4.6. We have EDDe,(L71) = (=3)%x,(3). On the other hand, EDDg(L™)
is not a matroid invariant for the standard quadric Q Yoo

Proof. The generic distance degree of a projective variety is the sum of its polar degrees
[ , Theorem 5.4]. Thus, evaluating the polar polynomial from Theorem A at t =1
yields the generic distance degree.

To show that the specific Euclidean distance degree is not a matroid invariant, we
provide a counterexample. Let L = V(zg + x5 + x5) C P2, then L™! = V(2129 + 2012 +
ToTe) C P2, L1 intersects the isotropic quadric V(@) non-transversally in two ordinary

double points, hence EDDg(L™!) = 2, see for example | , Corollary 6.3]. On the
other hand, L' = V/(xq + 2x1 + x3) has the same matroid M(L') = M(L) = U, 3, but L'~!
is transversal to V(Q), so EDDg(L™') =2 # 4 = EDDg(L'™). O
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Finally, we give a combinatorial expression for the degrees of the Chern-Mather classes
of L=, Recall that if X is a potentially singular projective variety, MacPherson | ]
defined the Chern-Mather classes ™ (X) € Ay(X) via the Nash blow-up v: X — X as
vi(c(T5) N [X]) (see also | , Example 4.2.9]). On smooth varieties, it recovers the
usual Chern class ¢(X) = ¢(Tx) € A*(X) as M(X) = ¢(X) N [X].

Piene | , Theoreme 3] showed that the polar classes Py(X) € Ay_r(X) and Chern-
Mather classes M(X) € Ag_i(X) of a d-dimensional variety are related by the (involutive)

operation
k

00 = (-1

=0

d+1—-k+1
l

) [H) N Pe_i(X).
The Chern—Mather degrees of a projective variety ¢: X < P™ are then given by
eva(X) = Z degp. ;' (X) - By~ € A*(P") = Z[h]/(hT).

Piéne’s formula allows to express Chern—Mather degrees in terms of polar degrees, this
allows for a combinatorial formula of cyg, (L™1):

Theorem 4.7. The degrees of the Chern—Mather classes of L™ can be computed as

ema(L7Y) = (1+ ha) By~ (hy — 1)y <h12}il 1) € A*(P") = Z[h]/ (i)
Proof. Equation 2.1 in | | states
eaia(X) = (—1)" (1 + hy) ™ pr, (M - [Con(x) ) (11)

for every projective variety X C P". By performing the formal substitution t = Z—f in the
combinatorial description from Theorem A we get

d n—ip n— ~ 2h
[Con(L ;}51 DATTRET = B hy(—2hy — hy) Xy, (M)

Write X, (t) = £%, a;t?, then

1 _ (2h1+h2)
——— - [Con(L7Y)] = (—1)*n? i(2hy) ————
Tihivhy onE =0 2“ VT bt b

To evaluate equation (11), we need to extract the coefficient of hl as a polynomial in hy
in the previous expression. This follows from the formal observation that

(2h1 +h2)d—i B (_1)n—1
L+hi+hy (14 hy)"

(hy — 1)%7

coeff hp
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for all i = 0,...,d. By equation (11) we conclude that

d
1 . )
o(X) = (14 hy) T hr—d ——(2hy) (hy — 1)*?
ema(X) = (14 hy) 1 ;a2(1+h1)n< 1)'(h1 — 1)
2h
= (1+h)hi™(h — 1)xy — . O
hi —1

Example 4.8. If L is a general linear space of dimension 1, meaning M(L) = Uy 41, then
X = L7!is a smooth curve of degree pt(Uzni1) = n, that is, a rational normal curve.
In this case,

MX) = [X]+2[pt] € Au(X),  cva(X)=n -~ £ 2R € AS(P).
We can verify this basic fact using Theorem 4.7. Indeed, using X,,(t) =t — n we obtain

era(L7Y) = (1 + k)W 1 (2hy — n(hy — 1)) = 2k +nhi 1. O

4.2 Powers of reciprocal linear spaces

In this final section, we give a generalization of Theorem A to higher powers of L.
Indeed, throughout Section 3, we focused on the case of reciprocal linear spaces, however,
all main ideas are still applicable for any negative power of a linear space. More specifically,
let m > 1 and consider the map

P" -5 P, [To -t xp] = [xg™ et ™.

Let L™ be the closure of the image of L under this map. We determine its polar degrees.

Theorem 4.9. Let L CP" be a linear subspace of dimension 0 < d <n and fit m > 1.
Let pj(L™™) be the polar degrees of L™ C P", indexed such that po(L™™) = deg L™™.
Let M = M(L) be the matroid realized by L, then

(m+1)t )

;)Mj(Lfl)tj =m'"~ M (—(m + 1)t — m)* Xy, <(m+1)t+m

Equivalently, setting 0;(L™™) :== pq_;(L™™) we have

‘ 1
Si(L™)t = m' D (—mt —m — 1), ( m ) .

d
P mt +m + 1
In particular if M is connected, then deg (L~™)" = (m + 1)?8(M).

Remark 4.10. In the above expressions, when M has several connected components, m
appears with a negative power. It may thus seem unclear why the above polynomial has
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integer coefficients. However, if M decomposes into ¢(M) connected components labeled
My, ..., M.y, then

XM(S) _ iﬂ/i(i) _ XMy (S) :S"_XlMc(M)(S)

= (5= ™% (8) - Xag oy (5) € Zs]

Therefore the right hand side of the first equality of Theorem 4.9 rewrites as

iy (Y (e )

m+1)t+m m+ 1)t +m

which clearly has integer coefficients. Analogously to (the proof of) Corollary 4.4, L=™ is
dual defective if and only M is disconnected.

As in the proof of our main result, Theorem A, the strategy is to find a parametrization
of the conormal variety Con(L~"™) and reduce it to the a computation of the intersection
numbers fEM L AFon—k=1 Relative to the proof of Theorem A, to prove Theorem 4.9 we
only need to adapt the proofs of Proposition 2.8 and Proposition 3.1. The rest of the
argument is identical. As in Section 3, from now on until the proof of Theorem 4.9, we
will suppose that M is coloopless.

Proposition 4.11. The rational map
Um: L x LT - P" x (P")*, (z,y) — (7™ 2" y)
rationally parametrizes Con(L™™). Its degree is deg(1y,) = meM)~1,

Proof. To prove that 1, parametrizes Con(L~"™) we apply the same argument as in
Proposition 2.8, and replace —1 with —m in the argument of the proof of | ,
Proposition 4.1].

To compute the degree, consider the map

oty L x LT = P" x (PY)*, (z,y) — (2™, zy).

Its degree is m“™)~! which can be seen with the same argument using | , Theorem
2.6] as in the proof of Lemma 3.2. Since ¢ is clearly birational on the image of 1,,, we
conclude.

]

We now apply the same strategy as in Proposition 3.1 to get rid of the exponents in
the z variables.

Proposition 4.12. For k=0,...,d we have

[ o JCOME RS = G )0 [ T g
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Proof. Consider the following commutative diagram:

B? x (B7)* s B (B
9 92
T L (@Tmamtly) T * 12
P" % (Pn) 777777777777 > P™ x (]Pm)

where gi(z,y) = (™", y™) and ga(z,y) = (™', y™).

Let Ay, hs be the two hyperplane classes in the upper right P x (P™)* and hy, hy be the
ones on the lower right P" x (P")*. Using this notation we clearly have gihy = (m+1)hq,
95 hs = mhsy. By the push-pull formula we get

Lo [Con(L-m)lkhy "
(NG (]Pm)*

Con(L=™)] (——g2h (L sh e
= [ o [Con N (i) (-oie)
_ (m_|_ 1)—km—n+k+1/ (92)*[COD<L_m)]iLIf]~lg_k_l

nX(Pn)*

= (m )4 deg(galoom) [, BT x LR

We have deg(gz|con(z-m)) = (m(m + 1)) =1 in complete analogy to the proof of
Lemma 3.2.
By Lemma 2.9 we have set-theoretically

trop(gy (L x L)) = trop(L x L*).

Using the same argument as as in | , Lemma 4.9], the weight of every maximal cone
in trop(gi(L x L1)) is

(m(m + 1))dfc(M)+1mnfdflfc(ML)+1 _ (m + l)dfc(M)+1mn720(M)+1.

Analogously to the proof of Proposition 2.15, combining | , Theorem 6.7.9] and
[ , Theorem 3.12], we conclude

/u»nx(pn)*[f/)(gl(L < L)kt

— (m + 1))+ n=2e(0M)+1 /W(Pn)* [p(L x LY)|pkhy—F1, n

We can now use the results derived in Section 3 to give a proof of Theorem 4.9.

Proof of Theorem 4.9. We can reduce to the coloopless case using the same argument as
in the proof of Theorem A. Using Proposition 4.12, Proposition 3.4 and Lemma 3.7, we
have p
- = (=t — )%, — ).
P (m_|_ 1)d—zmz—c(M)+1 ( ) XM t+1
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By substituting ¢ ~ "=t and multiplying by (m + 1)4m =M+ e obtain the desired
formula. [

Remark 4.13. It would also be interesting to explore the polar degrees of positive powers
of linear spaces L™ in the spirit of [ |. The conormal variety is still rationally
parametrized by (x,y) — (2™, x~™*1y), however, the bipermutahedral variety X (Xz )
does not resolve the rational map (x,y) — (z,271y), so our approach does not directly
carry over to this situation. The “correct” fan (=X g x X g) N X g g and its matroid version,
the square conormal fan X_y; 1 = (=X X Xp1) N Xpg g, have been introduced very
recently in [ ]. We expect similar formulae akin to Theorem 4.9 to hold in this
case, and leave this direction to future research.
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