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How many equations define a curve in P? set-theoretically?

\

Figure 1: The twisted cubic Cj. Figure 2: Two skew lines LU L.
I(C3) = (minors of (y %)) I(LUL) = (z,9) N {z, w)
= (zz — 2, yw — 22, Tw — y2) = (zz, 2w, Yz, yw)

Tz — 12, > LUL =V(zz, yw, 2w + y2)

3=V 5
2yw = 27) — w(zw — y2) L .
Possible with 2 equations?



Local cohomology - an apéritif

Let R be a Noetherian ring and a C R an ideal. There exist additive functors of
R-modules Hi(—), i =0,1,... with the following properties:

1. (H%(—)); is a universal 6-functor: 0 -+ K — L — M — 0 induces LES
0 — HYK) — HY(L) —» H(M) —» HY(K) — H.(L) - H: (M) —» H3(K) — -

2. Depends only on radical: Hi(—) = Hf/a(—)
3. Lower bounds on no. of generators: If a = (fi, ..., fs), then Hi(=) =0 for i > s

4. Detects algebraic invariants of M: dimension, depth, regularity, ...



First definition: Derived functors

> Consider the left-exact a-power torsion functor
To(M) ::{mEM‘akm:O, k>>0} cM
> Example: Ty (k[zo, . . ., 2] /1) = 524 /1

> Observe: v/a" C a C \/a for some r, hence To(M) =T (M)
> H? are the right derived functors of T'y: For M choose an injective resolution

0—M— E°— E'— ..., then

i ; . Im (T4(E1) — To(EY)
Ho(M) == H'(I'a(E®)) = Ker((Fa(Ei) N I“a(Ei-i-l)))

> Alternative abstract nonsense definition
[o(M) = colimy Homp(R/a®, M)  ~  HY(M) = colimy Exth(R/a¥, M)



Example: Modules over a principal ideal domain

Let R = k[z], a = (z), M finite R-module

> By the structure theorem, suffices to consider M = R and M = R/(f)
> R has an injective resolution0 - R — K — K/R — 0, K = Frac(R)

H(,y(R) =0,  Hp,(R) =T»(K/R)=Rlz7"/R,  H,(R)=0, i22

> If f = g, then HO, (R/(f)) = (g)/{f) = R/(a")

> The long exact sequenceto 0 — R A N R/(f) — 0yields
0 — HY, (R/(f)) — Rlz -11/R L, Rl /R — H}, (R/(f)) — 0

> Multiplication with f is surjective, hence HZ (R/( ))=0fori>1



Second definition: Cech complex

Pick a generating set a = (zi,...,z,). For J C {1,...,n} let M[z; '] be the
localization of M at z; .= [],.; z;. Define (C*®, d) via

jeJ
Cixy, ..., o0 M) = @ Mz, d: Mz;'] 2 my Z(*l)#{(]<j}mju{j}
#J=i j¢J
This complex has terms C°,..., C"
0— ML Pm S P M-S T Mg 0
j=1 #J=2

H! (M) =2 HY(C*(m1, ..., 25 M)) for i > 0.

Consequence: H? (M)=0fori>n

(21, .yTn)



Example: The polynomial ring

> For n =1 one has Hy, (k[z]) = z~'k[z~"], since the Cech complex is
0 — k[z] — k[z,z7}] — 0
> For n =2 we have
1
0 — ko) kg, 0 ke, 1) O wptt 21, 0

Let S =k[z,..., 2] = M, m = (x1,...,x,). Then all local cohomology modules
vanishes except

1

HR(S) = (a7t o DKz Y. 2 ] =2 S[—n]Y.



A Mayer-Vietoris-like sequence

Let a,b C R be ideals, then there is a long exact sequence

o= HIS (M) — HL o (M) — HE(M) @ Hy (M) — Hiqy (M) — HIE (M) — ...

> Proof idea: Apply Ext’(—, M) to the short exact sequence

0 — R/(a*Nb*) — R/a* @ R/6F — R/(a* 4 bF) — 0,

then take the appropriate colimit
> Example: R =Kk[z,y, 2z, w], a = (z, y), b = (2,

w

=) =0

), I =anb, then




Putting the pieces together

Assume I = (zz, 2w, yz, yw) = \/{fi, fo) for fi, o € R =k[z, y, 2, w]

> Being two-generated, one has H?fl f2>(—) =0
> Local cohomology only depends on the radical, so H3(—) = 0
> The previous Mayer-Vietoris example showed H3(—) = Hj, (—)

> The calculation of local cohomology of polynomial rings showed Hy (R) #0. 4
Open problem: Is the following rational quartic curve
C:{(s4:53t:st3:t4) ‘ (s:t) e PY(C) }

a set-theoretic complete intersection? Here Hﬁ(c)(—) =0.®



Let's go deeper!

From now on let M be a finitely generated R-module with aM C M

> depth, (M) is the maximal length of a M-regular sequence fi,...,f; € I.

> dim(M) is the dimension dim R/Anng(M)

> depth, (M) < dim(M)

> If Ris local/graded, then the Cohen-Macaulay-property is depth,,(M) - dim(M)

1. Hi(M) = 0 for i < depth, (M), HSP3D a7y £ g,
2. HY(M) = 0 for i > dim(M), Hﬂfm(M)(M) # 0 if R is local or graded.

Consequence: M is Cohen-Macaulay iff there is a single nonzero H& (M)



Local vs. sheaf cohomology

Let R be a standard-graded Noetherian ring, m := R~o and M finite graded.

> Hi (M) is a graded module, H: (M), is finitely generated over Ry
> Let X = Proj(R), M the sheaf associated to M, M(d) = M[d] = M R0y Ox(d)
> The direct sum of the twists form a graded R-module @ ., H(X, M(d))

Theorem (Comparison theorem)
There is an exact sequence of graded R-modules

0 — Hy (M) = M — P T(X, M(d)) — Hy (M) — 0
d

and isomorphisms @, H(X, M(d)) = HiY(M), i > 1.
Serre vanishing: H: (M),, = 0 for i > 0 and n > 0.



The Hilbert polynomial - demystified

Now assume Rg =k, i.e. R is an affine graded k-algebra

> Let hy(d) = dimg My be the Hilbert function and Py, the Hilbert polynomial
> The Euler characteristic of a sheaf F on P" is
X(F) =Y (=1)'h(F) =Y _(~1)" dimy H'(X, F).
>0 >0
> Py(d) = x(M(d)) for all d € Z and x(M(d)) = h®(M(d)) for d > 0
> Using the comparison theorem, we obtain the formula
har(d) = dimy HY (M) +h°(M(d)) — dimy HY (M) 4
= x(M(d)) = > (~1)'h*(M(d)) + D (~1)" dimy H,(M)g
i>1 i=0,1
(d) + > (—1)" dimy H (M)

=0 11



Castelnuovo-Mumford regularity

> M admits a minimal graded free resolution (¢;(F;) C mF;_1)
0—Fs 2. B p 2 Fp— M—0, Fi=@,R[-j%

> The exponents B;; = dimy Tor?(M, k); are the graded Betti numbers of M
> regom (M) ==max{i+j| fi; # 0} is the Castelnuovo-Mumford regularity of M
> For a graded module N let end(N) :=sup{d| Ny #0}

regon (M) = max; end(HE (M) + .

If M is Cohen-Macaulay of dim. d, then regcy (M) = end(HEL(M)) + d



Hilbert regularity over S = k|, . . . , 2]

> Letregy(M) :=min{ d | hy(j) = Pm(j) forall j > d}
> A free resolution gives a way to calculate hps(d):

5
0—Fy——Fg—M—0 ~ hy(d)=> > (-1)'Bs; - hs(d — j)
=0 j

> hg(d — j) agrees with the polynomial (d‘ff") assoonasd>j—n
> Estimating this yields a bound on the Hilbert regularity

regu (M) < ém;ﬁ)] — n <regem(M) + 6 — n = regem(M) — depthy, (M) + 1
i,j

using the Auslander-Buchsbaum formula depth,, (M) + pdimg(M) = depth,,(5)
> If M is CM, then equality holds, as hy(j) — Py (j) = (—1)% dimy HE (M);
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Example: Ideals of points

Let I be an ideal with Z = V(I) C P" finite of length r
> dim S/I =1, so Hi (/1) = 0 for i > 2, HY(S/I) = I***/I
> The long exact sequence associated to 0 — %%/ — S/I — S/I%" — 0 yields
.o —s HL (/1) — HL (S/1) = HL(S/T%) — B2 (I?/1) — - --
> The comparison sequence for J = 1%t reads

0— S/J — I'(P",04(d)) — HL(S/J) — 0
> Middle term has constant dim.r ~ endHL(S/J) + 1 = regu(S/J)

Theorem (Regularity for one-dimensional ideals)
regom(S/1) = max{regu(S/I) — 1,regu(S/I°*)}

Consequence: Minimal generators of J live in degree < regu(S/J) + 1 [



Further topics

> Local duality: H (M) = Ext¥™ (M, S[-n — 1])V
This generalizes to more general graded or local rings

> McMullen’s Upper bound theorem: Cyclic polytopes have the largest number of
faces among convex polytopes with the same dimension and number of vertices
Stanley’s proof of the simplicial version involves Cohen-Macaulayness of the
Stanley-Reisner ring, local cohomology being an important ingredient

> D-modules: The local cohomology modules are D-modules in a natural way. As
such, they are finitely generated (!) and better suited for computation.
Also, GKZ A-hypergeometric systems!

15



Thank you! Questions?



